Supercritical biharmonic equations with power-type nonlinearity 
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Abstract 

The biharmonic supercritical equation A^m — \u\p^^u, where n > A and p > {n + 4)/(n — 4), 
is studied in the whole space M" as well as in a modified form with A(l + u)p as right-hand-side 
with an additional eigenvalue parameter A > in the unit ball, in the latter case together with 
Dirichlet boundary conditions. As for entire regular radial solutions we prove oscillatory behaviour 
around the explicitly known radial singular solution, provided p G ((n + 4)/(n — 4),pc), where 
Pc G {{n -\- 4)/(n — 4),cxd] is a further critical exponent, which was introduced in a recent work by 
Gazzola and the second author. The third author proved already that these oscillations do not 
occur in the complementing case, where p > Pc- 

Concerning the Dirichlet problem we prove existence of at least one singular solution with 
corresponding eigenvalue parameter. Moreover, for the extremal solution in the bifurcation diagram 
for this nonlinear biharmonic eigenvalue problem, we prove smoothness as long as p e ((n + 4)/(n — 
4),Pc). 

1 Introduction and main results 

In the present paper we consider qualitative properties of entire radial solutions (defined and regular 
in the whole space) of the supercritical biharmonic equation 



m 



where n > 5 and p > An important role is played by the explicitly known entire solution 



,(r)=i^i/(^'-iV-4/(P-i), 



where 



+2] n-2 



n - 4 



(1) 



(2) 



(3) 



p — 1 \p — 1 J \ p — 1 J \ 1, 

It was shown in [5^ i8j that positive regular entire solutions to (H]) exist and that asymptotically they 
behave like the singular solution Ug'- 

u{r) 



lim 

r^oo Us[r) 



1. 



Moreover, for re > 12 a further critical exponent pc G (^^^5 oo ) was introduced being in that interval 
the unique solution of the following polynomial equation: 



Pc 



Pc-l VPc - 1 



+ 2 



n-2 



Pc - 1 



re - 4 



Pc - 1 



re2(re - 4)^ 
16 



(4) 
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The third author [9] proved in particular that in the "supercritical case", i.e 

P>Pc 

the convergence of u to Ug is monotone, i.e. Vr : u{r) < Us{r). Here, we study the reverse case: 

Theorem 1. Let pc G ((n + 4)/(n — 4),oo) be the number, which is defined by ^ for n > 13. We 
assume that 

< p < Pc tj n > 16, < p < oo ij b < n <\1. 

n — 4 n — 4 

Let r I— > u{r) be a radial entire solution to (Qp. Then, as r ^ oo, u{r) oscillates infinitely many times 
around the singular solution Us{r). 

We study also existence of singular solutions as well as qualitative properties of positive solutions 
of the corresponding Dirichlet problem 

A^u = X{l + u)P in 5, 

n > in 5, (5) 

u = |Vn| =0 on dB, 

where B C M" is the unit ball, A > is an eigenvalue parameter and again n > 5 andp > In [21 
(see also [2]) it was proved that there exists an extremal parameter A* such that for A G [0,A*) one 
has a minimal solution which is regular, while not even a weak solution does exist for A > A*. On 
the extremal parameter A = A*, an extremal solution u* £ Hq{B) n IJ'{B) exists as monotone limit of 
the minimal solutions. It is expected that also in the Dirichlet problem, a singular (i.e. unbounded) 
solution Ua corresponding to a suitable singular parameter Ao- exists and will play an important role 
as far as the shape of the bifurcation diagram for ([5]) is concerned. However, in [7j we had to leave 
open even the existence of a singular solution which will be proved in the present paper: 

Theorem 2. Let n> A and p > (n + 4)/(n — 4) . Then, there exists a parameter Ao- > such that for 
A = Act, problem ^ admits a radial singular solution. 

Moreover, in [7] we left open whether the extremal solution u* introduced above is singular (un- 
bounded) or regular (bounded). The corresponding question has been settled for the exponential 
nonlinearity by Davila, Dupaigne, Guerra and Montenegro [6] thereby developing the previous work 
[1]. Here, taking advantage of an idea in [6], we prove regularity of the extremal solution of the 
problem with power-type nonlinearity in the "subcritical" range. 

Theorem 3. Let pc G ((n -|- 4)/(n — 4),oo) be the number, which is defined by ^ for n > 13. We 
assume that 

< p < Pc ij n > \6, < p < oo ij b < n < 11. 

71 — 4 n — 4 

Let u* G HQ{B)nL'^{B) be the extremal radial solution of ^ corresponding to the extremal parameter 
A*, which is obtained as monotone limit of the minimal regular solutions for A A*. Then, u* is 
regular. 

Related results for the corresponding second order problems were obtained e.g. in [3| HI \TU[ lllj. 
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2 Entire solutions: The corresponding autonomous system 



Here we study qualitative properties of entire radial solutions r i— > u{r) to ([T]) and shall prove Theo- 
rem [TJ We put 



v{s) ■.= e^'/'-P-^K{e') (sGM), u{r) = r-^/^-^\{logr) (r > 0). 
According to [HI [9] , ([1]) is then equivalent to 



(6) 



9. 



p — 1 



+ n - 4 a 



p — 1 



+ n - 2 a 



p — 1 



p — 1 



v{s) = \v{s)\P-\{s), 



s S M. In order to write this as an autonomous system, we define 

wi{s) = v{s) 
W2is) = 



(7) 



p-i 



(8) 



Y + n - 2] u;3(s). 



Equation ([7]) is equivalent to the following system: 



^(s) = + 2) +^13, 



n - 2)] + Wi, 



(9) 



\wi{s)Y'-^wi{s) + - (n - 4)) w^. 



In order to perform the stability analysis around the singular solution Us{r) = Kq^^^ ^/(^ i.e. 
v{s) = Kq^^^ ^\ we have to linearize ([9]) around the vector 



' p — 1 p — 1 \p — 1 



and come up with the system w'{s) = M o w{s) where 



+2 , n-2 



M 



1 



A + 2 





1 










^pKo 
The corresponding characteristic polynomial is given by 



p — 1 J p — 1 \p — 1 

\ 



1 

F^-(--4)/ 



+ 2 



P{u) = V 



p —\ 



+ n - 4 \v 



p — 1 



+ n-2 \ [v 



p — 1 



p — 1 



pKo. 



According to [8j, the eigenvalues are given by 



2{p-l) 



2{p-l) 



1^2 



1^4 



Ni - yjN2 + 4ViV3 
2{p-l) 



Ni - VA^2 - 4V]V3 
2{p-l) 



where 

iVi := -(n - 4)(p - 1) + 8, N2 := (n^ _ 4n + 8)(p - 1)^, 



iVg := (9n-34)(n-2)(p-l)'^ + 8(3n-8)(n-6)(p-l)^ 

+ (16n2 - 288n + 832) {p - if - 128(n - 6)(p - 1) + 256. 

One has vi, 1^2 ^ ^ and < < z^i. For any 5 < n < 12 we have ^3, 1/4 M and Re = Re 2^4 < 0. 
For any n > 13 and p < pc, 1^3,1^4 K and Rez^3 =Rez^4 < 0, while 1^3,1^4 G M and 1^4 < z^3 < if 
p > Pc- In any case, 

U2 < Re 1/3/4 < < i^i. 

The stable manifold of w^^\ where the trajectory of any w corresponding to an entire regular solution 
is contained in, is tangential to the span of the eigenvectors corresponding to 1^2, 1^3, '^4.- In tS] the 
following strategy to prove Theorem [T] was outlined: in the "subcritical" setting < p < pc, any 
such trajectory oscillates around w^^^ infinitely many times except those which are tangential to the 
eigenvector corresponding to z^2- We show that the latter can not correspond to an entire regular 
solution. 

Proposition 1. Let w{.) be a solution of (0) in the stable manifold of w'^^^ being tangential to the 
eigenvector corresponding to V2- Then the corresponding solution u of (QP is singular or even not 
defined for all r > 0. 

In order to prove this proposition we need the following crucial observation on the sign of the 
components of an eigenvector corresponding to 1^2: 

Lemma 1. One eigenvector of M corresponding to V2 is given by t = (ii, i2) ^3) ^4) with 
ti = 1 > 0, 

= (■'^-^)<». 

U = (., + ,.-2-^)(.,-2-^)(.,-^)<0^ 

Proof. Since < we only have to show that 



An 1 / ^= 

0>.2 + n-2-— ^ = --^^V^2 + 40V3 (10) 

the latter being equivalent to proving that 

iV3 > (n-2)2(p-l)4. 
Indeed, by using the supercriticality assumption (n — 4)(p — 1) > 8, we have 



N3- {n-2 f{p-l f = 8(n-2)(n-4)(p-l)^ + 8(3n^-26n + 48)(p-l)^ 

+16(71^ - 18n + 52){p - if - 128(n - 6){p - 1) + 25( 
= 8p{p + l)((n - 2)(p - 1) - 4)((n - 4)(p - 1) - 4) > 0. 
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This proves (jlOp and hence the lemma. 



□ 



Proof of PropositionUl Let w( . ) be a solution to Q being tangential for s — > cxd to the eigenvector t 
from the previous lemma. We may assume that w{.) exists on the whole real line M because otherwise, 
nothing is to be proved. We put zi{s) = wi{s) — wj^^ and further 



zi(s) 


= wi{s) 


Ms) 


= W2{s) 


Ms) 


= W3{s) 


Zi{s) 


= W4{s) 



(0, 


= v{s) - 




f 


= (a,- 


4 




p-i 


f 


= (a,- 


4 




p — 1 


f 


= (9,- 


4 




p — 1 



zi{s), 
+ n-2 ) Z3{s), 



so that 



+ n - 4^ Z4(s) = \v{s)\P-\{s) - Kl'^P-^^ = \wi{s)\P~^wi{s) - \wl 



(O)m-l „(0) 



Writing this more systematically yields 

4 



= jriZi{s) + Ms), 

Ms) = ?^ + 2)z2(s) + ^3(s), 

Ms) = (^-(n-2))z3(s)+^4(s), 

z'^{s) = \wi{s)\P~^w^{s)-\wf\p-^wfM[-^^-{n-A))z^{s). 



(11) 



According to whether z{ . ) approaches the origin from "above" or "below" we distinguish two cases. 
First case. There exists sq large enough such that 

zi(so) > 0, Z2(so) < 0, Z3(so) > 0, 2:4(50) < 0. (12) 

On any interval [s, sq] where zi{.) = wi{.) — w^^^ > 0, we must then have 

(^ds + (n - 4) - -1^) z,{s) = \wi{s)r'wi{s) - \wt 

This makes e^^"" ^'^ ''^^^'^Z4{s) increasing on [s,so], and so (jl2|) implies that 

ei^^-'^-M'z.is) < e(("-')-^)^"z4(5o) < 
on [s,so]- In particular, 2:4(5) < throughout the interval, and we have 

4 



ds + in- 2) 



p — 1 



2:3(5) = Ms) < 0. 



This makes e 



(n-2)- 



p ^/ ^3(5) decreasing on [s,so]) so we similarly find that 
e(("-2)-i^)%3(,) > e(("-^)-^)-.3(5o) > 
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by (fT2|l . Since (^dg — 2 — -22(5) = z-^^s) > 0, the exact same argument leads us to 



e[-^-—)'z2{s) < eV ^'~)"°Z2{so) < 
by (fT2|) . hence — ^^tj^ ^li^) = •22(5) < and we finally get 

e"i^*zi(s) > e~^''°zi{so) > 0. 

That is, 2:1(5) > on any interval [s,so] where 21(5) > 0, so it is impossible for zi{s) to become at 
some s < sq. Hence Vs < sq : zi{s) > 0. For the original solution this means that for r < tq, u{ .) 
lies above the singular solution. This means that n( . ) itself is singular at r = 0. 

Second case. There exists sq large enough such that 

zi(so) < 0, Z2(so) > 0, Z3(so) < 0, Z4(so) > 0. (13) 
On any interval [s, sq] where zi{.) = wi{.) — w^^^ < 0, we must then have 

ds + {n-4)- 24(5) = \wi{s)\P-^wi{s) - Iwf'^lP-^wP < 0. 

This makes e^^"' f'~^)*Z4(s) decreasing on [s,so]) and so (fT3]) implies that 

e((«-^)"i^)%4(,) > e(("-')-^)^».4(.o) > 
on [s,so]. In particular, 24(5) > throughout the interval, and we have 

a, + (n - 2) - ) zsis) = Zi{s) > 0. 

p-lj 

( (n-2) —"^s 

This makes p-'^J ^■^{s) increasing on [s,so], so we similarly find that 

e(("-2)-]^)^^3(,) < e(("-'^-^)^"23(5o) < (14) 

by (I13p . Following this approach, as in the first case, we eventually get 

Ziis) > 0, z^{s) < 0, Z2{s) > 0, zi{s) < (15) 

on any interval [s, so] where zi{s) < 0, so it is impossible for zi{s) to become at some s < sq. Hence 
Vs < So : zii^) < 0) the corresponding u{.) is always below the singular solution. In order 
to prove that u{ . ) itself is singular also in this case, we show that zi(s) — > —00 for s —00. Since 
Vs < So : zi{s) < 0, we have that holds true for all s < so. Referring to [7^ Proposition 1] 
would already show that also v and so u cannot be bounded. However, here it is quite easy to show 
this directly. For some suitable constant 61 > one has: 



ds (^e~V2+i^)^22(s)j = e~V^+^^^Z3(s) < -6ie~ 

because of (114p . and this implies that 

e-('^^>z2{s) > ^e— - ^e— + e^'^^h z^iso) 
n n 
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for some suitable constant 82 > 0. In particular, 
and this implies that 

n — 2 \ / 

for some suitable constant ^3 > 0. Thus, we end up with 

< ^ p-i)* — > — cxD as s ^ —00, (16) 

so that also in this case, the corresponding solution n of ([1]) becomes singular at r = 0. □ 
Completing the proof of Proposition [1] also yields the proof of Theorem [TJ 

3 The Dirichlet problem 

If we put r = |x| then the equation in ([5]) becomes 

(A-.. . 2(n — 1) ,,,, , (n — l)(n — 3) ,,, , (n — l)(n — 3) , , ,^ ,„ , ^, 

uW(r) + — -u"(r) + - -u"(r)-- -u (r) = \(1 + uf , re [0,1]. (17) 

If we put 

U{x) = l + u{x/<fX) for xE 5^(0) (18) 

then U solves the equation 

A^C/ = C/P in B^(0). (19) 

Since the equation (119^ is invariant under the rescaling 

Ua{x) = aU{a~x) 

i.e. f7 is a solution of (fT9]) if and only if Ua is a solution of (fT9]) . it is not restrictive to concentrate our 
attention on solutions U of the equation (fT9]) which satisfy the condition U{0) = 1. 
Next we define = U^{r) as the unique solution of the initial value problem 

r r r ^20) 

u^{o) = 1, c/;(o) = c/;"(o) = 0, c/;'(o) = 7 < o. 

We report here the following fundamental result by [8j: 

Lemma 2 ([8j). Xei n > 4 and p > (n + 4)/(n - 4). 

(i) There exists a unique^ < such that the solution U- of (j^Op exists on the whole interval [0,oo), 
it is positive everywhere, it vanishes at infinity and it satisfies Ui-{r) < for any r E (0, oo). 
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(ii) If ^ < ^ there exist < Ri < R2 < oo such that the solution of (f^0|) satisfies U^{Ri) = 0, 

(Hi) If 'J > ^ there exist < Ri < R2 < 00 such that the solution Uy of l\20\i satisfies U'^{r) < for 
r G (0, Ri), U!^{Ri) = 0, U'^{r) > for r G i?2) and lim^t/ja U^{r) = +00. 

(iv) //71 < 72 < then the corresponding solutions U^^, Uy^ of ^2U\) satisfy Uy^ < U^^ and U!y_^ < U'^^ 
as long as they both exist. 

Proof. See the statement of [U Theorem 2] and related proof and also the statement of [8^ Lemma 
2]. □ 

For any 7 < let be the unique local solution of (I20p . Thanks to Lemma [2] (iii), for 7 > 7 we 
may define R^ as the unique value of r > for which we have U!y{R-y) = 0. 

Lemma 3. Let n > A, p > (n + 4)/(n — 4) and 7 G (7, 0) with 7 as in the statement of Lemma \M 
Then the map 7 ^ R-f is monotonically decreasing and 

lim Ry = +00. 

7-I7 

Proof. The fact that the map 7 1-^ i?^ is monotonically decreasing follows immediately by Lemma [2] 
(iv) . This shows that the function 7 1-^ R-y admits a limit as 7 — > 7. Suppose by contradiction that 

R := limi?^ < +00. 

■yli 

Then, by Lemma [2] (i), (iv) we have for all 7 G (7,0) that 

Uy{Ry) > U-{Ry) > U-(R) > 0. (21) 
Define for any 7 G (7, 0), r G [0, 1] the function 

Then, u-^ solves the Dirichlet problem 

A^n^ = Rtp-,{RyY-^{\ + uyf in B, 
Uy = |Vti^| =0 on dB. 

Moreover, by (|2ip and the fact that Uy{Ry) < Uy{r) < 11^(0) = 1 for any r G [0,i?-y], we have for all 
7 G (7,0), X £ B 

< Uj{x) < [/y(ii)~i - 1. (24) 

This shows that the set {u-y : 7 G (7,0)} is bounded in L°°{B) and hence by a bootstrap argument, 
from ([23]) and the fact that R^Uy^RyY^"^ < A*, we deduce that there exists a sequence 7fc i 7 and a 
function u G Hl{B) n C°°(S) such that 

n^, in C^(5) (25) 

as ^ 00. Since the sequence [/^^.(i?^^.) is monotonically decreasing and bounded from below then for 
any r G [0, -R) we have that for sufficiently large Uy^{r) = Uy^{Ry^) [u^^, (r/R^^) + 1] is well defined 
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and admits a finite limit as — > oo which will be denoted by U{r). In fact U^^, U in C^([0, R]) for 



lim U^,{R^„] 

k—>oo 



any < R < R and moreover by (j25p we also have that 

U{x) 

Since n E Hq{B) we also have 



111 = 1 + 1 



lirnt/ (r) = 0. 

rlR 



(26) 



On the other hand by continuous dependence on the initial conditions we also have that 

for all r G [0,R) 

and hence U{r) = U^{r) for any r G [0,-R). This with (|26p implies 



lim U^^ (r) = C%(r) 



lirnC4(r) = 



which is absurd since Ul^{R) < 0. This completes the proof of the lemma. 

Lemma 4. Let n > 4 and p > (n + 4)/(n — 4) and let u be a regular solution of ([5j). Then 



□ 



* \ i/(p-i) 



-4/(p-l) 



1 



/or a// X G 5\{0}. 



Proof. Let u be a regular solution of ([5]) for some A > and define the rescaled function 

1 



U{x) 



1 + u 



p-i 



so that U satisfies 



A'^U = U'P in Br{0) and U{0) = 1 



(27) 
(28) 



where we put R = v^(l + ^(0)) — 
Define 



M = max r^/(P"^)[/(r) 
re[0,_R] 



and let R £ (0, R] be such that i?^''^^ ^^U{R) = M. If we define 

^(i!r) 
■u;(r) = — = 1 



then w solves the problem 



U{R) 



A^w = R^U{R)P-^{l + wY inB 



w = 
w' <0 



on dB 
on dB. 



This proves that MP-i = R U{R)P-^ < X* since otherwise by the super-subsolution method (see [21 
Lemma 3.3] for more 
for all r e[0,R] that 



Lemma 3.3] for more details) we would obtain a solution of ([5]) for A = R^U{RY ^ > A*. This yields 



(29) 
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Then reversing the identity (j27p . by (j29p we obtain 

u{r) = A-i/(P-i)i?^/(P-i)C/(i2r) - 1 < 
which completes the proof of the lemma. 



*\ i/(p-i) 



-4/(p-l) _ ^ 



□ 



Proof of Theorem 0. For 7 G (7, 0) consider the corresponding solution Uy of the Cauchy problem 
(120]) and the function introduced in ([22]). If we put = Rt^U^{R^)P-^ then by ([23]) we have that 



Uj solves 



A^n^ = A^(l + inB, 







on dB. 



(30) 

We show that A^ remains bounded away from zero for 7 > 7 sufficiently close to 7, which is defined 
in Lemma [2j By [HI Theorem 3] we infer that for a fixed e G (0, Kq^^^ there exists a corresponding 
> such that 



%(r) > {K^ 



s]r 



-i/ip-i) 



for all r > rp. 



(31) 



On the other hand, by Lemma [3l we deduce that there exists 70 G (7,0) such that for any 7 G (7,70) 
then > r^. Therefore by Lemma [2] (iv) we obtain for all 7 G (7, 70) 



Uy{Ry) > U-{R^) > (i^-Q/^^-^^ - e)i?-4/(f-i) 



and this yields 



V7 G (7, 70) : > {k'J^"-''^ - ey~' =: C. 

Combining ([32]) and Lemma[3|we obtain for all 7 G (7,70)) x G i?\{0} 



A* 

u^{x) < ( — 



*\ i/(p-i) 



'4/(p-l) _ I 



(32) 
(33) 



Since u-y solves ([30]) . by ([33|) we obtain 



An^pdx = A^ / (1 + Uyfu^dx < X* (1 + u^)P+^(ix < 



B 



2p 

(A*)^ 



4(p+l) 

X p-i < +00 



B 



since p > (n + 4)/(n — 4). This proves that the set {u^ : 7 G (7, 70)} is bounded in Hq{B) and hence 
there exists a sequence 7fc j 7 and a function u G Hq{B) such that n^^ ^ u in Hq{B). Moreover, by 
([33|) and applying Lebesgue's theorem, n weakly solves ([5]) for a suitable A > C. 

It remains to prove that the function u is unbounded. For simplicity, in the rest of the proof 
u^f, , U^f^ , R^i. , X-jf, will be denoted respectively by u^, Uk, Rk, Xk- 

By compact embedding we have that — > n in L^{B) and hence we have 



1 f 

lim -— - / u(x)dx = lim 



1 



, , lim 



Br(0) 



Uk{x)dx 



and passing to radial coordinates, by (j22p and Lemma [2|(iv), we obtain 



lim 



1 



10 1 5,(0) I Jb, 



"(0) 



u{x)dx 



lim 



lim 



-1 + 



-1 + 



n 



lim 



r^k^^Jo Uk{R, 



n 



lim 



RkT 



Uk{p)p''-^dp 







> lim 



n 1 
-1 H lim 

r'^ RlUk{Rk) Jo 



U-{p)p^-'dp 



(34) 
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By (|3ip we have that there exist C,Rq > such that 

yp E (i?o, oo) : U^{p) > Cp-^'^P-^\ (35) 
Hence we have for k > k = k{r) 



JO 



U-{p)p"-'dp > I U-{p)p^-'dp + C[n-—-] I i?^- - V"-^ - ) . (36) 



p — 1 



4 , „ 4 



Since p > (n + 4)/(n — 4) > (n + 4)/n and since by (f32]) . is bounded away from zero as /c — > oo then 



4 1 
p-1 \ p-1 



lim RlUkiRk) = lim R,^ " K = 

fe— >oo fe— >oo 



and hence by (|36|) we obtain 

1 l-Rkr (J f „ 4_ 4 „ 4_ 

k^cc Rf^Uk[Rk) Jo k~,oo U _ ^\ ^nu^f^j^^ 



(27^"-^ n-4/(p-l) _ w, -,^ 

hminf^ , > , , =: Cr^-^l^^-^) . (37) 

n-^ A^/^^-^) n-^ (A*)V(P-i) 



Inserting (j37j) in (j34j) we obtain 

hm /" n(x)(ix > hm(-l + nC'r"''/^^"^)) = +oo. 

riO |Sr(0)| Jb^{q) »-iO 

This proves that u ^ L°°(B). □ 

Proof of Theorem\^ We make use of an idea from [6]. Let ux denote the positive minimal regular 
solution of ([5]) for < A < A*. According to [TJ Theorem 2], these are stable so that one has in 
particular: 

E C^{B) : [ {A(p{x)f dx-pX [ (1 + ux{x))P-^(p{x)^ dx > 0. 
Jb Jb 

By taking the monotone limit we obtain that 

yipeC^{B): [ {A^{x)f dx-pX* [ {l + u*{x))P-^ip{xfdx>0. (38) 
Jb Jb 

We assume now for contradiction that u* is singular. Then, according to Theorem 5] we have the 
following estimate from below: 

n*ix)>(^] N-^/(P-^)-l. (39) 



Combining this with (j38p yields 



yip E C^iB) : / {A^ix)y dx > pKo / \x\^^ip{xy dx. (40) 
Jb Jb 
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However under the subcriticality assumptions made we have that pK^ > v?{n — 4)^/16. This contra- 
dicts the optimahty of the constant in Hardy's inequahty 

'i^eC^{B): [ {Aip{x)f dx > ^^(^~^)^ f |x|-V(x)^dx, 
Jb 16 Jb 

so that u* has indeed to be regular. □ 

Acknowledgement. We are grateful to Gianni Arioli and Filippo Gazzola for fruitful discussions 
and interesting numerical experiments. 
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